In this paper we generalize classical results in Diophantine approximation to the setting of an arhitrary numher field in the context of the ring of 5-integers. Specifically, we present theorems pertaining to simultaneous approximations of linear forms and develop the notion of badly approximable ^-systems. In addition, we expand the subject of the geometry of numbers over the adele ring of a number field by developing the concept of the adelic polar body. This theory is then used to produce transference theorems in this general situation.
We pause momentarily to make some remarks about the M = N = 1 situation. An irrational number a is badly approximable if there is a constant τ = τ(α) > 0 such that τ < |x| \ax -y\ for all x e Z\{0} and y eZ. It turns out that the issue of being badly approximable is related to the subject of continued fractions. Specifically, a is badly approximable if and only if the partial quotients in its continued fraction expansion are bounded. This implies the existence of uncountably many badly approximable numbers and uncountably many numbers which are not badly approximable. It is well-known that a real number a has a periodic simple continued fraction expansion if and only if a is a quadratic irrational (see, for example, [7] ). Therefore all quadratic irrationals are badly approximable numbers.
It remains an open question as to whether or not real algebraic numbers of degree greater than two are badly approximable. The situation in which a is transcendental remains equally mysterious.
We return back to the badly approximable MxN matrix A. An interesting issue which now arises is the relationship between A and its transpose A T . By the application of a transference theorem, it follows that A is a badly approximable system of linear forms if and only if A τ is a badly approximable system of linear forms. A quantitative version of this is known as Khintchine's transference principle.
Our primary objective is to recast the previous results to the more general setting of an algebraic number field. In §2 we carefully describe the relevant objects which will occur and define our notation. But briefly, let k be an algebraic number field of degree d over Q. We write k v for the completion of k with respect to the place v . Let S be a finite collection of places of k containing all infinite places. We write @s f°r the ring of S-integers of k. For we define the ^-height ves " w here | | v is normalized so as to satisfy the product formula. We define the field constant
where s is the number of complex places of k and Δ^ is the discriminant of k.
We begin by proving the following generalization of Dirichlet's theorem. THEOREM Classically, theorems of this nature were proven via techniques in geometry of numbers, in particular, using Mahler's results on polar reciprocal bodies. We prove our generalized transference theorems by first developing the analog of the polar body in the setting of geometry of numbers over the adeles. We believe these results to be of independent interest with further applications outside the present work.
For each v eS, let A v be an M x N matrix over ky and let X be a real number with X >
We organize our paper as follows:
Section 2: Notation and normalizations. Section 3: The adelic polar body. Section 4: A transference theorem over number fields. Section 5: Dirichlet's theorem over number fields.
Section 6: Badly approximable iS-systems of linear forms.
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Notation and normalizations.
In this section we define the basic terminology and notation that will be used throughout the remainder of this paper. We remark that our notation and normalizations are largely adopted from [1] .
Let k be an algebraic number field of degree d over Q. We write Vfr for the collection of all nontrivial places of k. Suppose v e V k . If υ is an archimedean place, we say v lies over infinity, denoted by t>|oo. If v is a nonarchimedean place then there exists a finite rational prime p such that υ extends the place of p to V^ . In this case we say υ lies over the finite rational prime p, written as v\ oo or v\p.
For each v e V^ we write ky for the completion of k with respect to the place v . We define the local degree as In applications it will be convenient to use both forms of this S-height.
For each v G S let A υ be an M x JV matrix over k υ . As we shall see, it will be useful to discuss all these matrices simultaneously. In view of this, we write {A v } ve s ? abbreviated as {A υ } , for the collection of matrices A v for υ e S. As an example of this notation, we define the following function which is a measure of the size of the A v 's:
ves Let k A denote the adele ring of k. Elements of k A shall be written as x = (x υ ) where x v is the ^-component of x for all v G V k . We write (k\) N for the iV-fold product of the adeles. The additive group k A is locally compact and thus there exists a Haar measure on k& which is unique up to a multiplicative constant. We normalize this as follows.
(i) If i; I oo and ί^=lwe let β v denote ordinary Lebesgue measure on R.
(ii) If v|oo and ky = C we let β υ denote Lebesgue measure on the complex plane multiplied by 2.
(iii) If υ\p we let β υ denote Haar measure on ky normalized so that
where 3f v is the local different of k at υ .
We now define a Haar measure β on k\ to be the product measure of the previously normalized local Haar measures: (a, a, a, . ..).
The set η(k) = k is referred to as the set of principal adeles. In fact k is a discrete subset of k A and under the natural quotient topology, kχ/k is a compact group having an induced Haar measure equal to 1. In the sequence which follows, a particular field constant will naturally arise. We define
where d is the degree of k over <Q>, s is the number of complex places of k and Δ^ is the discriminant of k. Let x = (jc v ) be an element of Λ A and a be a positive real number. We define scalar multiplication, ax, to be the point y = (y v N . We shall call a subset ^ of (k A ) N admissible if it has the form described above. The set 31 is the adelic analog of the convex, symmetric set K in the classical geometry of numbers, and the role of the lattice
N . For each integer n , 1 < n < N, we define the /ith successive minimum λ n of 31 with respect to By our assumptions on 3ί,
We now recall the adelic successive minima theorem which was proven independently by McFeat [6] 
The following volume calculation will be quite useful. For each v £ Vfc let B υ be an TV x TV nonsingular matrix over ky . Let Proof. In case v is an infinite place, the lemma is a well-known result in linear analysis ( [2] Chapter II.3, Corollary 3; II.4). Thus we need only prove the lemma when υ is a finite place of k.
Part (i) is trivial and (ii) follows from the strong triangle inequality. We now prove (iii). Since R v is a /^-lattice in {K) N , it follows that R v is a finitely generated ^-module of degree N over <9 V ([8] Chapter Proof. Case (i) was proven by Mahler [5] in 1939. We remark that this inequality has recently been sharpened by a deep result of Bourgain and Milman [3] . Case (ii) follows immediately from (i) once we view R v as a convex set inside R 2N (= C^) and recall the extra factors of 2 due to our normalizations on β v . We now prove (iii).
As before, let W be the N x N, nonsingular matrix over ky so that N be linearly independent vectors associated with the successive minima of 31. That is, for all integers n, 1 < n < N, and any real number λ>λ n ,{φ u φ l9 ... 9 
φn}Qλ&.
Let θ { , θ 2 , ... , Θ N G (A:)^ be linearly independent vectors associated with the successive minima of 31*. We first consider the lower bound. Fix an index n, 1 < n < N. Define Φ, an N x n matrix over k by Clearly, by linear independence, Φ has full rank n. We now view Φ Γ as a linear transformation:
This forms an N -n dimensional subspace of (k) N . Since the N + 1 -n vectors, θ\, θι, ... , #jv+i-n , are linearly independent in (λ;)^, there must exist an index j, with 1 < j < N+1 -n, so that θj £ 3£. That is, there must exist an index j such that \($i,θj)\ Ό ΪO for 1 <i<n.
By Lemma 3.8 we have that if v|oo then

0# |<Λ, θj)\ v = (||<^,^)||,)^ < fax})'-".
Hence, by the product formula and Lemma 3.8 we conclude that Recalling that 1 < / < n and l<j<N+l-n we have
Since « was arbitrary, we have shown that for all n = 1, 2, ... , N, Multiplying these two inequalities and using Theorem 3.6 gives
The result now follows from (3.2). D
As an application, we state and prove an adelic general transfer principle. Assume that N > 1. For each place v of k, let C v be the f-adic cube:
C v = {xe(k υ ) N :\\x\\ υ <ί}. 
V
So from (3.6) along with (3.4) and (3.5) we conclude that which is the first inequality. The second follows from symmetry. D
In some applications, we are given that a certain admissible set contains a non-zero point of (k) N and we wish to conclude that there exists a non-zero point of (k) N contained inside of a related admissible set. In light of this remark, the following corollary will be useful. (see inequality (5.4) Proof. Assume that {Ay} υe s is a badly approximable S-system of linear forms. Let τ' > 0 be a constant so that were to exist a ϋ in S so that A^x -y = 0 then we could select an βv G ky\{0} so ί-adically small that Theorem 4.1 along with (4.5) would contradict (6.3). We wish to find a τ > 0 so that 
Since u e (<^s) M \{0} and w e {@ S ) N , (6.3) is satisfied, and so
Therefore from (6.5) we conclude that We now give a quantitative version of Theorem 6.2 by proving the generalized "Khintchine's transference principle" (see [7] Chapter IV, §5). and thus trivially satisfy (6.9), a contradiction. Therefore Γ > 0. We now make H veS \δv\v so large that ves Thus since Γ was the minimum, the (u, w) which satisfies (6.14) is not S-equivalent to any pair from our finite collection. Therefore it does not satisfy (6.9) so It now follows that we may always find an element γ e k\{0} so that if we consider the complete set of distinct conjugates L, then where α/ = ya\ for each /=1,2,
1=1
This inspires the definition below.
A set {a\, OL2 , ... , OLL} contained in some splitting field of k is called a set of S-algebraic integers if the following three conditions hold.
(i) {αi, #2, ... , aι} is a complete set of distinct conjugates.
(ii) The field k(a\, a 2 , ... , α^) may be embedded into ky for each v e S.
(iii) The polynomial
is an element of From our above remarks we conclude that any set which satisfies conditions (i) and (ii) may be multiplied by a suitable constant of k so as to produce a set of ^-algebraic integers.
Suppose {αi, Q2, .. -, OLM+N} is a set of ^-algebraic integers. We define the following two matrices: In addition, it will be useful to partition Φ in the following manner: Proof. The irreducibility of f{x) follows immediately from the padic version of Eisenstein's theorem with the specified place being ϋ (see [4] , Chapter 6).
It thus remains for us to demonstrate the existence of a root of f(x) in ky for each v € S. First we consider the case when υ is a finite place in S. Let
We immediately compute 
